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Abstract
Asymptotic states in field theories containing non-local kinetic terms are
analyzed using the canonical method, naturally defined in Minkowski space.
We apply our results to study the asymptotic states of a non-local Maxwell-
Chern-Simons theory coming from bosonization in 2+1 dimensions. We show
that in this case the only asymptotic state of the theory, in the trivial (non-
topological) sector, is the vacuum.
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1
Field theories containing non-local kinetic terms are receiving increasing atten-
tion, in relation with different motivations.
This kind of non-locality appears, for example, when considering effective field
theories where some degrees of freedom have been integrated out in an underlying
local field theory.
In Ref. [1], it was shown that the kinetic term of QED, obtained by projection
from a (3 + 1)−dimensional space to a (2 + 1)−dimensional one, is proportional to
F µν✷−1/2Fµν . In the static limit, this term reproduces correctly the 1/r Coulomb
potential instead of the usual logarithmic behavior of (2 + 1)D QED, this fact was
first noticed in Ref. [2].
Non-local kinetic terms also appear in the context of bosonization of massless
fermions in (2 + 1) dimensions. In Ref. [3], the following mapping has been estab-
lished
ψ¯ 6∂ψ ↔ 1
4
Fµν(−∂2)−1/2Fµν + i
2
θ ǫµνλAµ∂νAλ + nqt
ψ¯γµψ ↔ β ǫµνλ∂νAλ − β θ (−∂2)−1/2∂νFµν , (1)
where ψ is a two-component Dirac spinor, Aµ is a U(1) gauge field, and nqt are
non-quadratic terms. The parameter θ is regularization-dependent.
More recently, in Ref. [4], we have extended the path-integral bosonization
scheme proposed in Ref. [5], for massive fermions in 2 + 1 dimensions, obtaining
a non-local bosonized gauge theory. This enabled us to discuss both the massive
and massless fermion cases on an equal footing.
By using this kind of non-local extension, the Schwinger terms associated with
fermions in 2 + 1 dimensions have been computed in Ref. [6]; also, in Ref. [7], the
bosonization of the massive Thirring model in four dimensions was considered.
These relations are studied, in general, by following path integral techniques, in
a way similar to the local case.
The development of canonical methods, suited to study the type of non-locality
that appears (for example) in the context of bosonization, is recent.
In Ref. [8], the Dirac quantization of non-local theories containing fractional
powers of the d’alambertian operator was considered. In that work, the interpreta-
tion of non-local theories as infinite order derivative theories leads to an infinite set
of canonical momenta which satisfy an infinite set of second class constraints.
In Ref. [9], we have carried out an alternative approach to (canonically) quantize
theories containing general non-local kinetic terms, by using the Schwinger method.
This technique has the advantage of avoiding the definition of (infinite) canonical
momenta. It is essentially based on the observation that the hamiltonian, conserved
due to time translation symmetry, must be the generator of time translations. In
this way, the canonical commutation relations can be deduced from Heisenberg’s
equation. In order to implement this approach, we obtained, in Ref. [9], a mode
2
expansion for the solutions to the classical (non-local) homogeneous equations as
well as a closed expression for the conserved hamiltonian. In that reference, we
have also shown examples of theories containing non-local kinetic terms where the
hamiltonian is positive definite. This is in contrast with the higher order case, where
the hamiltonian is not positive definite, leading, in general, to instability problems
and the related unitarity problem.
In Ref. [10], we have established a consistent mathematical formalism to deal
with non-local kinetic operators, where the solutions to the non-local equations are
shown to belong to a space of ultradistributions. These solutions display a continuum
of massive modes.
The aim of this letter is to study the asymptotic states in the trivial sector of
field theories containing non-local kinetic terms; this will contribute to understand
the physical content of these theories. We will also apply our technique to the gauge
theory obtained in the context of (2+ 1)D bosonization (see Ref. [4]), showing that
the proposed non-local bosonized lagrangian defines a sensible theory in Minkowski
space.
Before analyzing the asymptotic states of a non-local theory, we will review the
above mentioned quantization procedure (see Ref. [9]).
Let us consider the non-local lagrangian for a real scalar field φ(x)
L = 1
2
φf(✷)φ , (2)
where f(z) is a general analytic function having a cut contained in the negative real
axis. The corresponding equation of motion is:
f(✷)φ = 0 . (3)
and a general solution can be written in the following form [9] [10]
φ(x) = i
∫
Γ++Γ−
dkeikx
1
f(−k2)a(k) =
∫
dk[eikxa(k) + e−ikxa¯(k)]δ+G(k2) . (4)
In the first equality, dk integrates over the whole space-time, with k0 moving along
Γ+ +Γ− where Γ+ (resp. Γ−) is a path surrounding in the positive (resp. negative)
sense, all the singularities of 1/f(−k2), which are present in the positive (resp.
negative) k0-axis. a(k) = a(k0,k) is an entire analytic function in the k0 variable;
when we apply f(✷) on eq. (4), the integrand becomes an entire analytic function
in k0 and the integral is zero, showing that (4) is a solution to eq. (3).
In the second equality we have written the solution in terms of the real distribu-
tion (weight function) δ+G(k2) given by
δ+G(k2) ≡ −i
[
1
f(−(k0 + iǫ)2 + k2) −
1
f(−(k0 − iǫ)2 + k2)
]
θ(k0) . (5)
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From Noether’s theorem, we can deduce (see Ref. [9])
H =
∫
dk k0 δ
+G(k2)a†(k0,k)a(k0,k) . (6)
Now, at the quantum level, the field operator must satisfy Heisenberg’s equation.
This implies the algebra (k0 > 0, k
′
0 > 0):
δ+G(k2)δ+G(k′2)[a(k), a†(k′)] = δ+G(k2)δ(k − k′) , [a(k), a(k′)] = 0 . (7)
The field commutator is
∆(x− y) = [φ(x), φ(y)] = i
∫
Γ
dk
eikx
f(−k2) . (8)
In terms of the weight function, this equation reads
∆(x− y) =
∫
dµ δ+G(µ)∆µ2(x− y) , (9)
where ∆µ2(x− y) is the Pauli-Jordan distribution with mass parameter µ.
Now, from the commutator (9), we see that the field associated with the non-
local lagrangian (2) is a generalized free field, as introduced in Ref. [11]. In that
work it is shown that the asymptotic states (in the vacuum sector) come from the
δ-singularities of the weight function δ+G.
Precisely, for a general Heisenberg field φ(x) be associated with asymptotic
modes of mass m is necessary that the in-out fields defined by
φ
out
in
m2 (x) = limτ→±∞
∫
y0=τ
dy

φ(y)
↔
∂
∂y0
∆m2(x− y)

 (10)
(φ
↔
∂
∂y0
ψ = φ ∂ψ
∂y0
− ψ ∂φ
∂y0
) have free field commutation relations
[φ
out
in
m2 (x), φ
out
in
m2 (y)] = i∆m2(x− y) . (11)
If φ is a free field with mass m0, it is easy to show, using the properties
lim
τ→±∞
∫
y0=τ
dy ∆m2
0
(x− y)
↔
∂
∂y0
∆m2(z − y) =
{
∆m2
0
(x− z), if m2 = m20
0 otherwise
, (12)
that the commutator (11) is the free commutator ∆m2
0
(x− y), if m2 = m20, while it
is zero when m2 6= m20, as expected.
In the case of a non-local field, the asymptotic states only come from the δ-
singularities of the weight function δ+G (poles of 1/f). This comes about from eq.
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(4), which expresses the on-shell field as a superposition of free fields with mass k2.
If we consider in eq. (10) an m2 value where δ+G is a well defined function, the
commutator (11) will be zero (the mass mode m2 has zero measure in eq. (10)). In
particular, if 1/f only has cuts, then, the unique asymptotic state (in the trivial
sector) is the vacuum.
Similarly, at the classical level, the field modes in the continuum (where δ+G is
a well defined function) cannot be associated with asymptotic free wave solutions
representing a particle with mass m2, that is, there is no solution such as exp ikx,
k2 = m2; remember that aµ(k0, ~k) in (4) cannot be a Dirac delta, as it must be an
entire analytic function of k0.
Let us now show how this result clarifies the analysis of asymptotic states of a
non-local gauge theory.
In reference [4], we extended a recently proposed path-integral bosonization
scheme for massive fermions in 2+ 1 dimensions [5] by keeping the full momentum-
dependence of the one-loop vacuum polarization tensor. This enabled us to discuss
both the massive and massless fermion cases on an equal footing.
In that reference we have shown that the generating functional that bosonizes
the fermionic currents of free massive fermions in 2 + 1 dimensions is
Z(s) =
∫
[dA] exp−
∫
d3x[
1
4
Fµν C1 Fµν − i
2
AµC2 ǫµνλ∂νAλ
+ i (
u+ − u−
2
) sµ
1√−∂2 ∂νFνµ − i (
u+ + u−
2
) sµǫµνλ∂νAλ] , (13)
where
C1 =
1
2
|u+|2(F − iG) + |u−|2(F + iG)
−∂2F 2 + G2
C2 =
i
2
|u+|2(F − iG) − |u−|2(F + iG)
−∂2F 2 + G2 , (14)
F and G come from the parity conserving and parity violating parts of the fermionic
one-loop vacuum polarization tensor, respectively; u± are arbitrary parameters asso-
ciated with a redefinition of the (dummy) gauge field Aµ in eq. (13). In (Euclidean)
momentum representation they are given by
F˜ =
| m |
4πk2E

1−
1 − k
2
E
4m2
(
k2E
4m2
)
1
2
arcsin(1 +
4m2
k2E
)−
1
2

 , (15)
the function G˜ in (14) is regularization dependent, and can be written as
G˜ =
q
4π
+
m
2π | kE | arcsin(1 +
4m2
k2E
)−
1
2 , (16)
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where q can assume any integer value, and may be thought of as the effective number
of Pauli-Villars regulators, namely, the number of regulators with positive mass
minus the number of negative mass ones.
When m→∞ (taking u+ = u− = 12pi )
Sbos =
∫
d3x
(
± i
2
Aµǫµνλ∂νAλ − i√
4π
sµǫµνλ∂νAλ
)
, (17)
which agrees with the result of [5].
When m→ 0 (taking u+ = u∗− = (exp iα)/4)
Sbos =
∫
d3x (
1
4
Fµν
1√−∂2Fµν −
i
2
π
4q
ǫµνλAµ∂νAλ
− sinα
4
sµ
∂νFνµ√−∂2 − i
cosα
4
ǫµνλ∂νAλ) , (18)
This result coincides with that obtained in [3] (cf. eq. (1)).
The generating functional (13) is a non-local extension of the local Maxwell-
Chern-Simons theory studied in Ref. [12]. Now, let us analyze the asymptotic states
in the trivial (non-topological) sector of the theory.
Going back to Minkowski space, and setting the currents equal to zero, we obtain
from (13) the homogeneous Euler-Lagrange equation associated with the bosonized
action
C1∂νFνµ + C2ǫµνλ∂νAλ = 0 . (19)
where C1 and C2 are the functions of the d’alambertian operator defined in
Minkowski space and obtained from eqs. (14), (15) and (16) by the replacement
−∂2 → ✷ = ∂20 −∇2 , − k2E → k2 = k20 − k2.
This equation may be written, in the equivalent form
C−11
(
C21✷+ C
2
2
)
∗F µ = 0 , (20)
where ∗F µ is the dual tensor, ∗F µ = 1/2ǫµνρFνρ.
In the Coulomb gauge we can define a field ϕ such that
Ai = ǫij
∂j√−∇2ϕ . (21)
Note that the relation between the gauge field and ϕ is local in time, therefore the
asymptotic theories for Ai and ϕ are equivalent.
Replacing (21) in (20) we obtain the equation satisfied by ϕ
f(✷)ϕ = 0 , f(✷) = C−11 (C
2
1(✷)✷+ C
2
2(✷)) , (22)
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The local Maxwell-Chern-Simons case would be associated with C1 = 1, C2 = µ.
In that case, eq. (22) is the usual Klein-Gordon equation, f−1(k2) = 1/(k2−µ2) and
δ+G = δ(k2 − µ2)θ(k0). This represents an asymptotic state with topological mass
µ [12].
In the non-local case we are considering, replacing (14) in (22), we obtain (taking
|u+| = |u−| = 1)
f(✷) = 1/F (✷) . (23)
(F (✷) is defined by (15), with −k2E → k2). Therefore, the mass weight function for
the modes present in the field results
δ+G(k2) = −i
[
F (−(k0 + iǫ)2 + k2)− F (−(k0 − iǫ)2 + k2)
]
θ(k0)
= −i
[
F (−k2 − iǫ))− F (−k2 + iǫ)
]
θ(k0) . (24)
Now, we would like to make the following remarks:
Firstly, it is interesting that these expressions do not depend on G(✷), so they
do not depend on the (arbitrary) regularization parameter q used in the loop calcu-
lation; in particular, the mass weight function is free from regularization ambiguities
coming from the parity non-conserving part of the polarization tensor.
Secondly, we have seen that the asymptotic states in the trivial sector can be
read from the δ-singularities of the weight function (24), that is, the poles of F (k2)
(cf. (24)). As F (k2) is the one-loop parity conserving part of the polarization tensor,
the presence of a pole in this diagram could only come from a fermion-antifermion
bound state in an external electromagnetic field. Then, the only asymptotic state
in the trivial sector of the bosonized theory is the vacuum, as we know that there is
no such bound state, F (k2) in eq. (15) has no poles.
Finally, the weight function then comes from the continuum of singularities (cut)
of F (k2), which leads to
δ+G =
1
8
(
1 +
4m2
k2
)
(k2)−1/2θ(k2 − 4m2)θ(k0) (25)
This is a positive definite function. This positiveness can be understood from eq.
(24): using unitarity, the mass weight function we obtained equals a cross section
for the production of a fermion-antifermion pair, which is of course positive. Then,
we see that the hamiltonian for this non-local theory, unlike the higher order case,
is bounded from below (cf. (6)); so this class of models are expected to display a
sensible behavior. This physical behavior can be traced back to the fermionic theory
that originated the non-local bosonized action.
Note that although the only asymptotic state in the trivial sector is the vacuum,
there would be, in general, positive norm states of the theory created from the
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vacuum by non-polynomial functions of the fundamental fields, in an analogous
manner to the Mandelstam operators.
For example, in the m = 0 case, equation (24) reduces to
f−1(−k2) = 1
16
1√−k2 , (26)
and the weight function reads
δ+G =
1
8
(k2)−1/2θ(k2)θ(k0) . (27)
Here, the unique state in the trivial sector is the vacuum; however, this model
presents non-trivial (topological) fermionic excitations which are created from the
vacuum by non-polynomial operators, as described in Ref. [3].
Summarizing, we have followed the Schwinger method, showing that it is possible
to quantize field theories having non-local kinetic terms in a way similar to the local
case.
A general non-local field operator presents a set of massive modes with weight
given by the discontinuity (δ+G) of the inverse kinetic operator. Each mode con-
tributes to the energy with weight δ+G.
The Fourier operators appearing in the mode expansion of the field are required
to obey commutation relations in such a way that the hamitonian be the generator
of time translations.
The Fourier operators a†(k) are not, in general, creation operators of (mass k2)
particles. We have seen that the only massive modes associated with asymptotic
massive particles in the trivial sector are those related with δ-singularities in the
weight function. In particular, we have analized a non-local Maxwell-Chern-Simons
model, showing that the only asymptotic state in the trivial sector is the vacuum.
This is related to the fact that fermions in 2 + 1 dimensions (interacting with an
external field) have no bound states.
Finally, we would like to note that if we start from a physically well defined local
theory and generate a model containing non-local kinetic terms, the good behavior
of the initial theory should be manifested in the positiveness of the weight function
in the final model. This occurs in effective models (see Ref. [10]) and in the models
coming from bosonization in higher dimensions we have discussed in this letter. In
this last case, the stability (energy bounded from below) of the bosonic theory is
related to the positive metric of the Hilbert space of states in the associated fermionic
theory.
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